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Abstract 

The dependence of the sixth equation of Painleve on its four parameters (2a, —2(3, 27, 1 — 
2S) = (6%q, 6q, Q\ , 6%) is holomorphic, therefore one expects all its Lax pairs to display such a 
dependence. This is indeed the case of the second order scalar "Lax" pair of Fuchs, but the 
second order matrix Lax pair of Jimbo and Miwa presents a meromorphic dependence on 8ac 
(and a holomorphic dependence on the three other 9j). We analyze the reason for this feature 
and make suggestions to suppress it. 
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1 Introduction 

Consider a second order linear ordinary differential equation for ijj(t) with five Fuchsian singula- 
rities, one of them t = u being apparent (i.e. the ratio of two linearly independent solutions 
remains single valued around it) and the four others having a crossratio x. The condition that the 
ratio /ip2 of two linearly independent solutions be singlevalued when t goes around any of these 
singularities results in one constraint between u and x, which is [2] that the apparent singularity u, 
considered as a function of the crossratio x, obeys the sixth Painleve equation P6. In its normalized 
form (choice (00, 0,1, x) of the four nonapparent Fuchsian singularities), this ODE is [2\ 
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its four parameters a, ft, 7, 6 representing the differences 9j of the two Fuchs indices at the four 
nonapparent singularities t = 00, 0, 1, x, 

(2a, -2ft, 2 7 , 1 - 26) = (61,9191,91). (1) 

The proof by Poincare [11] of the impossibility to remove the apparent singularity in the second 
order scalar isomonodromic deformation certainly motivated Jimbo and Miwa to consider, in place 
of the scalar isomonodromy problem, the matrix isomonodromy problem of the same order (two), 

d x ^ = Li/i, d t ^ = Mi/>, [d x -L,d t - M] = 0. (2) 

There indeed exists a choice [5] of second order matrices (L, M) whose isomonodromy condition 
also yields P6, in which the singularities of the monodromy matrix M in the t complex plane are 
four Fuchsian points of crossratio x, without the need for an apparent singularity. 

This beautiful result however presents the drawback to have a meromorphic dependence on one 
of the four monodromy exponents 9j, while u" in P6 has a holomorphic such dependence. The 
purpose of this work is to explore several directions in order to remove this drawback from matrix 
Lax pairs. 

A possibility to achieve that is to consider some simple physical system admitting a Lax pair and 
a reduction to P6. The corresponding reduction of its Lax pair could then provide a holomorphic 
Lax pair of P6. One such system if the three-wave resonant interaction, but the resulting Lax 
pair has third order, and its reduction to second order still encounters some obstacles T\. The 
Maxwell-Bloch system [12] could be a better candidate because its Lax pair is second order. 

The paper is organized as follows. In section [21 we recall the scalar "Lax" pair of Richard 
Fuchs, because its expression is required later on. 

In section [3] we point out the meromorphic dependence in the second order Lax pair obtained 
by matrix monodromy. 

In section [4j we define in some detail the small amount of required computations in order to 
obtain a holomorphic Lax pair. 

In section [S] we explore the simplest possibility beyond the assumption of Jimbo and Miwa. 
The resulting Lax pair is linked to a type studied by Kimura [6] and the matrix elements are 
algebraic functions of u' , u, x while in the JM case they are rational functions. 



2 Holomorphic Lax pair by scalar isomonodromy 

This pair [21 [3] , as more nicely written in Ref. [4] , is characterized by the two homographic 
invariants (S,C), 

dfy + (S/2)i) = 0, (3) 

d x i> + Cdfif) - (l/2)C t il> = 0, (4) 

with the commutativity condition, 

X = S x + C ttt + CS t + 2C t S = 0, (5) 



where 



(t — u)x(x — Ij 

a o /d a,,,,* [0W) 2 -/?o 2 ]-P^T + /g(^ 

b _ 3/4 ^ ftiu + Pq u(u — 1) 



2 (t-u) 2 (t-u)t(t~l) t(t-l)(t-x) 



fc(t), (7) 



2(u — x) 2 
...abed 

(2a, -2ft, 2 7 , 1 - 2<5) = (A(a + b + c + d + 1), 4a + 1, 46 + 1,4c + 1). (10) 

Like u" in the definition of P6, this scalar Lax pair depends holomorphically on the four 9j, 
and also on their squares. Its singularities in the complex plane of t are the five Fuchsian points 
t = 00, 0, 1, x, u, among which t = u is apparent. 
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3 Meromorphic Lax pair by matrix isomonodromy 

Let us introduce the Pauli matrices ak 



0"! 



( J J ) , ai = f J q ^ ' CT3 " (J -l) ' = ^' fe + i£ jkl<ri' (11) 



1 

1 
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As proven in [5] , the apparent singularity of the scalar Lax pair can be removed by considering 
a second order matrix Lax pair, 

d x y = L*, <9 t * = M*, (12) 
and defining the monodromy matrix M as the sum of four Fuchsian singularities t = oo, 0, 1, x, 



M 



M (x) , Mi (a) , M a (a;) 



Moo + M + Mi + = 0. 



(13) 



t t-1 t-x 
However, in order to integrate the differential system of the monodromy conditions, 

V< : L t - M x + LAI - ML = 0. (14) 

the choice of L is not unique and the type of dependence of L(x,t) on t must be an input. With 
the very convenient choice [5] of a simple pole at the crossratio t = x, 



L = — 



M x 
t — x 



, M = 



M (a:) , Mi(x) M^x) 



t-1 t-x 



+ M + Mi + Ms = 0, (15) 



and after minor transformations |10j mainly aimed at making all entries (Ljk, Mjk) algebraic (not 
only with algebraic logarithmic derivatives), one obtains the traceless, algebraic Lax pair, 



t — x t 



t-1 t-x' 



Loo 

2Moo 
2M 

2Mi 
2M X 

Z{) 
Z\ 



(9qc - l){u- x) 
2x(x - 1) 

Boo 03, 



-0"3, 



Z <73 cr + (z ~ &0)- a ' 

X u 

u — 



Z1O3 + 



x- 1 



o + -(-4-ei) 



u - 1 

x- L 



ic(:r — 1) 



-(Ooo + 2 + ^l)0-3, 
1 

20 oo x(ii — l)(tt — x) 



(16) 

(17) 

(18) 
(19) 

(20) 
(21) 



(x(x — l)v! — (u — l)(u — Qoo(u — x))Y 



"(©L + 9q)x(u - l){u -x)+ 6\{x - l)u(u -x)- 9 2 x x{x - l)u{u - 1) 



[x{x — l)v! — u(u — 1 — Qoo{u — x))Y 



2Qoo(x — l)u(u — x) 

+(®to + e l)( x ~ l ) u ( u ~ x )~ d o x ( u - - x ) ~ e t x ( x ~ l X u - 1) 

(2a, -2/3, 2 7 , 1-28) = ((9 M - l) 2 , flg, 2 , 2 ). 

The origin of the meromorphic dependence in (|16p . as displayed in zo and zi, seems to be the 
simplifying assumption 5 that the residue M^ can be chosen diagonal, 



MBoo 
00 = —^ a i>- 



(22) 
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Indeed, when vanishes, the residue also vanishes and one singular point is lost, thus preventing 
to obtain P6 which requires four nonapparent singular points. 

As an additional motivation of the present work, this meromorphic feature is also present in 
many discrete Lax pairs of discrete P6 equations, for instance in the Lax pair found by Jimbo and 
Sakai [8], as an output to the matrix discrete isomonodromy problem 

Y(x,qt) = A(x,t)Y(x,t), (23) 
A = A (x)+A 1 (x)t + A 2 (x)t 2 , (24) 

where x is the independent variable, t is the spectral parameter, and the matrix A defines four 
singular points in the t complex plane. If the residue Ai at t = oo is chosen diagonal 8, Eq. (10)], 

A 2 = diag(«i, Ka), (25) 

then the Lax pair contains the denominator k\ — k 2 and, when K\ = kq, the isomonodromy problem 
cannot yield a q — P6 equation. 



4 Towards a holomorphic matrix Lax pair 

In order to get rid of this unwanted meromorphic dependence, let us change the assumptions on 
the matrix Lax pair (L,M) along the lines explored in Ref. [9]. For the assumption (|13p on M, 
which must be kept, we adopt the convention 

tvMj = 0, detMj = —± — constant, j = oo,0, l,x, (26) 
and we represent the four residues so as to preserve the invariance under permutation, 

if Z 3 ; (Oj-Zj)Uj 

2\(e j +z j )u j 1 -Zj 



Mj = * [ (a CI s..-l K1 Z" 3 , J = oo.O, l,x, (27) 



in which Zj,Uj are functions of x. 

After an assumption has been chosen for the dependence of L(x, t) on t, there is no need to 
integrate the monodromy conditions (I14|) . Indeed, one a priori knows that their general solution 
is expressed in terms of a P6 function. Therefore a "lazy" method to perform the integration is 
to first convert the matrix Lax pair (|12[) to scalar form, then to identify the result with the scalar 
Lax pair ©-Q. 

Let us denote = t (ipi t^-i) the base vectors of the matrix Lax pair after rotation by an 
arbitrary constant angle <p, 

cos ip sin ip \ = p -i Lp y g y = P -^ M P^. (28) 

- sin ip cos ip J ' ' y ' 

After elimination of ip2 and removal of the first derivative ip[ in the resulting second order linear 
ODE for ipi , the identification of the two sets of coefficients (S, C) will provide L and M in terms 
of a solution u of P6. 

Whatever be the assumption for L, the three scalar conditions of zero sum for the residues, 

+ M + Mi + M x = 0, (29) 
under the condition that uq, u\, u x are all different, are first solved for zq, Zi,z x , 

-Zq = Zoo (% 1 + U^ 1 ) - (6*00 - Z^UooU^U^ 1 - (0^ + Z^U^ 



U\ — u x 

+ O (u u^u- 1 - Uq 1 ) + 0i (u- 1 - u^ 1 ) + 9 X (u^ 1 - u- 1 ) , 

Z\ = Zoo {u^ 1 + Uq 1 ) + (6oo - Zoo^ooU^Uq 1 - (6oo + Zoc)u^ 

u x — Uo 

+ 9i (uiu~ 1 Uq 1 - u^ 1 ) + 9 X {uq 1 - u^ 1 ) + O (u^ 1 - u^ 1 ) , 

Zx = Zoo (u Q 1 + U^ 1 ) + (9oo - Zoo)UooU Q 1 U^ 1 - (9oo + Zoo)^ 

UQ — Ul 

+ 9 X (u x Uq u± - u^ 1 ) + O (u^ 1 - u Q x ) + 01 (Uq 1 - u' 1 ) , 



(30) 
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in which J denotes the Jacobian 

£>(M OOlU> M 0Of i2,M 0Q) 2i) 



J : 



(u - Ux)(U! - u x ){u x - u ) 



D(zq,Zx,Z x ) 



UqUiU x 



(31) 



5 A Kimura-type Lax pair 

Following ([TH]) and [9, Eq. (4.18)], let us assume 

M x 



t — x 



Loo, Loo = m(x)M 00 , 



(32) 



which defines the differential system 

[M X ,M ] 
M = m[Moo,M \, 



Ml 



ML = 



[M 8 fMi] 

x — 1 
[At, M ] 



m[Moo,Mi], 
[M x ,Mi] 



(33) 



TO [Moo, M, 



Such a choice ensures that M + 
system (l33l) is equivalent to 

, _ Pj(u k ,z k ,9 k ,m 



X 35 — 1 

Mi + Mc is a first integral, and therefore M w a constant. The 



x(x — V)UqU\U x 



Qj(u k ,z k ,9 k ,m) 

x(x — \)uqU\U x 



, js {0,1, x}, fee {oo, 0,1, a:}, (34) 



in which Pj,Qj denote polynomials of their arguments, and the closure conditions z'. = [zj) 1 
between the systems (|34| and (j30|) are identically satisfied. 

The identification of the two C"s of the two scalar Lax pairs of the type ([3j)— (J4J) is equivalent 
to the two relations 



x(x — 1) 
when ip = : (z. 



(cos 2ip + l)uoo + (cos 2<p — l)^ 1 
(cos 2(p + l)uoo — (cos 2(p — l)u 00 1 — 2 sin 2ip 



0. 



(35) 



,)uoou(u - x) + (z - o )u o (u - x) - (zj, - 6 x )u x {x - l)u = 0, 



in which, for brevity, the rotation angle ip has been set to in the second relation. 

Solving the first equation in (|35|) for the second factor would result in the vanishing of Moo 
with Boo , hence in the same singularity of the Lax pair at 9oo = than in (|16| . Therefore this first 
equation is solved for m, and in the second with f30|l. 



x(x — 1) ' 

F(zoo, Uoo, Ooo, u , 6 ,u x ,9 x , u, x, e %v ) 



(36) 



0, 



in which F is a polynomial of its arguments, of degree two in u and each Uj. 

Before transformation to the normalized form (J3J), the second order ODE for tpi is then 



{t-u) Pl (t) 



dVi 
At 2 



dVi 



t(t -l)(t- x) dt 



t^i = 0, 



(37) 



W-l){t-x)Y 

in which denotes polynomials of degree j whose dependence on x has been omitted. The 
condition that (t — u)pi,p4,pe have a common zero t (otherwise there would be two apparent 
singularities) results in (when <p — 0), 



X X 



1 



(u-l) 



2 ={z x -9 x )u x ^ — (38) 
(u — X) 



and these relations imply pi(t) — t — u and a multiplicity two for the zero t — u of the element Myi 
of the monodromy matrix M. As proven in [7], this results in a difference of 3 between the two 
Fuchs indices at the apparent singularity t — u, not 2 like in ([7|). The Schwarzian associated to 
(f37]l . which cannot be identified to (0, must then be identified to the Schwarzian of the equation 
labelled Lyj in [6] . The resulting matrix Lax pair will probably be holomorphic in the four 9j but 
surely not rational in u, u' , x, since the transformation between the apparent singularities of Lyj 
and ([3]) is not birational [7 . Therefore its explicit expression will not be given. 
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6 Conclusion 



In order to build a second order matrix Lax pair of P6(u,x) at the same time holomorphic in 9j 
and rational in u{x), u'(x), x, it is necessary to make an assumption for L which is different from 
([32]) . probably by adding to L a term linear in t like in [6l §6] and [9l Eq. (4.18)]. This will be the 
subject of future research. 
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